We prove that an integral Cauchy-Riemann inequality holds for any pair of smooth functions ( f , h) on the 2-sphere S 2 , and equality holds iff f and h are related λ 1 -eigenfunctions. We extend such inequality to 4-tuples of functions, only valid on the L 2 -orthogonal complement of a suitable nonzero finite dimensional space of functions. As a consequence we prove that 2-spheres are not Ω-stable surfaces with parallel mean curvature in R 7 for the associative calibration Ω.
Introduction
In [7] we extended to submanifolds with higher codimension the variational characterization of hypersurfaces of Riemannian manifolds with constant mean curvature H discovered by Barbosa, do Carmo and Eschenburg [1, 2] . Given an m-dimensional oriented immersed submanifold φ : M →M of an (m + n)-dimensional calibrated Riemannian manifold (M,ḡ) with a semicalibration Ω of rank m + 1 (see [6] , in [7] we denominated it by precalibration), and assuming φ has calibrated extended tangent space on a domain D, that is, along D the vector bundle EM = Rν ⊕ T M is Ω-calibrated, where ν is a globally defined unit normal on D such that H ∈ Rν, then we proved that φ has constant mean curvature on 
This second order differential operator depends only on the normal component of W and it is the usual Jacobi operator with an extra term m H C Ω (W ⊥ ), a L 2 -self-adjoint first order differential operator defined for W ∈ C ∞ 0 (NM /D ), such that 
For simplicity we assumed φ to have parallel mean curvature, and so ν is a parallel unit normal. We can extend the definition of I Ω (W,W ) to the space H 1 0,T (NM /D ) given by the H 1 -completion of the vector space generated by the set of normal vector variations W of Ω-volume preserving variationsφ fixing the boundary of D, or equivalently, it is the subspace of H 1 0 (NM /D ) of the normal sections that satisfy a zero mean value property D Ω(W, e 1 , . . . , e m )dM = 0.
Then we say that φ is Ω-stable on D if I Ω (W,W ) ≥ 0, for all W ∈ H 1 0,T (NM /D ). The space
, and F is the normal subbundle orthogonal complement of ν. A Morse index theorem can be stated for submanifolds with parallel mean curvature and calibrated extended tangent space (see Remark 4.3 of [7] ). IfM = R m+n and M is closed, and supposing that∇Ω = 0 or C Ω = 0 (in fact it is sufficient to assume the vanishing ofḡ(C Ω (ν), ν), or equivalently of∇ ν Ω(ν, e 1 , . . ., e m )), we proved in [7] (Theorem 4.2) that under the natural integral inequality condition M S(2 + h H )dM ≤ 0, where h and S are the height functions h =ḡ(φ , ν) and S = ∑ i jḡ (φ , B F (e i , e j ))B ν (e i , e j ) (B ν and B F stand for the ν and F-components of the second fundamental form B, respectively), if M is Ω-stable then φ is pseudo-umbilical, and in case NM is a trivial bundle, then M must be a sphere. So it is a fundamental question to describe for which semicalibrations Ω are spheres Ω-stable. If n = 1 this is completely determined, for in [1] it is proved that stable closed immersed hypersurfaces of constant mean curvature are exactly the spheres. If n ≥ 2 and C Ω = 0 then m-spheres S m of Ω-calibrated vector subspaces are Ω-stable. This is also the case n = 2 and Ω parallel (see Corollary 2.1), or for any n ≥ 2
and Ω is a semicalibration defined by a fibration of R n+m with an (m + 1)-dimensional totally geodesic fibre where S m lies ( [7] ). On the other hand C Ω does not vanish for most well known calibrations, namely the ones coming from special holonomy. In this paper we consider one of such case of a parallel calibration with non vanishing C Ω , namely the associative calibration, defined by the G 2 structure of the Euclidean space R 7 , and that is given by the 3-form
and prove that 2-spheres of associative subspaces are Ω-unstable on R 7 . The Ω-stability condition is equivalent to the long integral Cauchy Riemann inequality to hold for any 4-tuples of functions
where J is the complex structure of S 2 and φ = (φ 1 , φ 2 , φ 3 ) : S 2 → R 3 is the inclusion map. In case two of the functions f α are zero, the above inequality gives the short integral Cauchy Riemann inequalities holding for any pair of functions ( f , h) :
as we can easily see from (3) by replacing f and h by t f and t −1 h, respectively, where The eigenvalues for the closed Dirichlet problem on the unit 2-sphere S 2 constitute an increasing sequence 0 = λ 0 < λ 1 < . . . < λ l < · · · converging to infinity. We denote by E λ l the eigenspace of dimension 2l + 1 corresponding to the eigenvalue λ l = l(l + 1) and by E + λ l the union of all eigenspaces E λ with λ ≥ λ l .
Theorem 1.2. The long integral Cauchy Riemann inequality holds for all f
. But there exist a 4-tuple of functions f α ∈ E λ 3 for which (3) is not satisfied. In particular S 2 is Ω-unstable.
In Proposition 3.2 we give one more class of functions for which (3) is satisfied, as an immediate consequence of Theorem 1.1. The index is the dimension of the largest vector space of 4-tuples of functions for which inequality (3) does not hold. The exact index will be computed somewhere later. The search of directions of instability defined by 4-tuples requires long computations. Since the functions f α can be expressed as a H 1 -sum of spherical harmonics on S 2 , we express f α in a non-orthonormal sum of monomial functions. We show that the use of eigenfunctions reduces the study of the CauchyRiemann inequalities to consider functions f α only in one ore two different eigenspaces. We prove this by observing first that S 2 φ J∇ f , ∇h is a skew-symmetric functional in the three variable functions (φ , f , h), and derive a Weitzenböck-type formula that concludes that J∇φ i , ∇ f maps a λ l -eigenfunction f into a λ l -eigenfunction. Using only algebraic methods we determine that (3) holds for functions in E λ l where l = 0, 1, 2 or l ≥ 6, but for l = 3 we need to use Mathematica and Fortran programming to diagonalize a 40 × 40 matrix, to obtain all stable and unstable directions. The cases l = 4, and l = 5 are considerably more complicate for it correspond to diagonalize a 60 × 60 and a 80 × 80 matrix respectively. We do not consider these two cases here.
Recall that
Theorem 1.1 is translated into next Corollary:
where J 0 is the canonical complex structure of R 2 , and ∇ 0 is the gradient operator in
equality holds if and only if f or h vanish.
Note that ∇ 0 h = J 0 ∇ 0 f if and only if f +ih : R 2 → C is an holomorphic map. In this case f and h do not lie in H 1 (R 2 ) unless they are zero functions. Furthermore non-constant holomorphic maps cannot be constant in any open sets, and in particular on a set where, for some i, σ i < 1 − δ with δ > 0 small, and so the coefficient 2 in the above inequality ( or in (4) 
where (i) means the i-position. A simple computation shows that
where
where * is the star operator on M. Eq. (6) is derived by taking into consideration that M has calibrated extended space, and so
which is symmetric on W,W ′ . Thus, C Ω is L 2 -self-adjoint and (2) holds. For n ≥ 2, we recall Lemma 4.4 of [7] . We will give here a clearer proof.
Lemma 2.1. If n ≥ 2, C Ω vanish iff (7) and (8) holds:
If n = 2 then (7) From now on we are assuming M is a m-dimensional Euclidean sphere S m r of radius r of a Ω-calibrated Euclidean subspace R m+1 of R m+n , and φ : S m r → R m+1 ⊂ R m+n denotes the inclusion map, and ε i , i = 1, . . ., m + 1, is the canonical basis of R m+1 .
We recall that the eigenvalues of S m r for the closed Dirichlet problem are given by λ l (r) =
, with l = 0, 1, . . ., and the λ l (r)-eigenfunctions are of the form f r (x) = f ( x r ) where f is a λ l (1)-eigenfunction of the unit sphere S m . We omit the parameter r if r = 1.
There exists a L 2 -orthonormal basis ψ l,σ of L 2 (S m r ) of eigenfunctions (1 ≤ σ ≤ m l , where m l denotes the multiplicity of λ l (r)). The Rayleigh characterization of λ l (r) is given by
is the L 2 -orthogonal complement of the sum of the eigenspaces E λ i (r) , i = 1, . . ., l − 1. Equality holds for f ∈ E λ l (r) . Each eigenspace E λ l (r) is exactly composed by the restriction to S m r of the harmonic homogeneous polynomials functions of degree l of R m+1 , and it has dimension m l = . Thus, each eigenfunction ψ ∈ E λ l (r) , is of the form ψ = ∑ |a|=l µ a φ a , where µ a are some scalars and a = (a 1 , . . ., a m+1 ) denotes a multi-index of lenght |a| = a 1 + . . . + a m+1 = l and
.
From ∇φ i = ε ⊤ i and that ∑ i φ 2 i = r 2 we see that
We also denote by 
where f isf restricted to S m . If r = 1, the Ricci tensor of S m is (m − 1) , , and using the Reilly's formula
In particular Hess f is a multiple of the metric if and only if l = 1.
The Ω-stability condition for S m r is given by the inequality I Ω ( f ν +W, f ν +W ) ≥ 0 for any smooth section W of F and any smooth function f ∈ L 2 T (S m r ), where I Ω is given by eq. (16) in [7] ,
. . , e m ). Then if C Ω = 0, and in particular if (8) does not hold we easily have an instability factor for S m r . For f ∈ E λ 1 (r) , we have I( f , f ) = 0 and
We also fix a global parallel basis
Hence, we have the following conclusion:
We now look for conditions for Ω-stability to hold on spheres. We define
These forms are co-closed if Ω is parallel, but if Ω is not parallel, the stability condition implies co-closeness of ξ (W α ,W β ) as we will recall in next theorem.
Theorem 2.1 ([7]). Let us suppose M = S m r is a m-sphere of radius r of a Ω-calibrated vector subspace R m+1 and that Ω is a semicalibration such that (8) holds, that is
∇ W Ω(W, e 1 , . . . , e m ) = 0 for all W ∈ NM.
Then M is Ω-stable if and only if the 1-forms
for some 2-forms ω αβ on M and (10), or equivalently,
The first inequality (10) is a direct consequence of the stability condition, while (11) is proved in Proposition 4.5 of [7] by using the Hodge theory of spheres and that
Corollary 2.1. An m-sphere of an Ω-calibrated Euclidean subspace R m+1 of R m+n for which C Ω = 0 is Ω-stable. This is the case when n = 2 and Ω parallel.
The condition C Ω = 0 is a very restrictive condition, and does not hold for most calibrations coming from special holonomy, since (7) does not hold. But the operator C Ω vanish when Ω is a semicalibration defined by a Riemannian fibration of R m+n with some (m + 1)-dimensional totally geodesic fibre where S m r lies [7] .
Inequality (11) can be seen as the long integral Cauchy-Riemann Ω-inequality for (n − 1)-tuples of functions on S m r . If stability holds, then for each α < β fixed, and taking f γ = 0 for γ = α, β , the short integral Cauchy-Riemann Ω-inequalities hold for any pairs of functions f , h on S m r :
On the other hand, inequality (10) gives us a tool to determine if a sphere is Ω-stable applying the Rayleigh characterization of the spectrum of S m r . Let Θ(r) = sup α<β Θ αβ (r) where
, by Schwartz inequality,
Using the inequality ∑ m+2≤α<β ≤m+n 2a α a β ≤ (n − 2)(a 2 m+2 + . . . + a 2 m+n ), for any real numbers a α , and λ l (r) = λ l r 2 we get next Proposition:
for all α, then
Hence, if l is sufficiently large such that l(l
+ m − 1) ≥ m 2 (n − 2) 2 ,
the long Cauchy Riemann inequality (11) holds for functions f
This estimate is in general not sharp, because it ignores the signs that ω αβ can take. We also remark that for x ∈ S m , since T x S m = T rx S m r , if ξ (x) = ξ (rx) then the same holds for for ω αβ and Θ αβ (r) = Θ αβ . In this case S m is Ω-stable if and only if S m r is so.
Applying inequality (13) to this expression we immediately deduce that:
we have
3 The 2-sphere of R
7
In this section we consider the unit 2-sphere S 2 of an associative Euclidean 3-dimensional subspace R 3 of R 7 , that is, we may assume R 3 = span{ε 1 , ε 2 , ε 3 } is Ω-calibrated by the associative calibration Ω defined in the introduction. As we have pointed out in Remark 4.4 [7] , taking W α = ε α for α = 4, 5, 6, 7, then
Since δ ω αβ = ξ (W α ,W β ) = * φ * ξ αβ , and ω αβ = ρ αβ Vol S 2 we conclude that ρ 45 = ρ 67 = −φ 1 ρ 46 = −ρ 57 = −φ 2 ρ 47 = ρ 56 = φ 3 (there is a misprint in [7] , a wrong sign forξ 56 ). Note that Vol S 2 (X ,Y ) = JX ,Y . Then (3) holds iff (11) holds, and (4) holds iff (12) holds. We first prove Theorem 1.1. We will need some lemmas:
where we used the fact that Hess f is symmetric. The second equality follows immediately. Using the equality
and applying Stokes we see that η is skew-symmetric.
Next lemma is a Weitzenböck type formula:
Lemma 3.2. On a Kähler manifold (M, J, g) of real dimension 2k we have for any functions f , h and o.n. frame e i
Proof. We may assume at a point p,
, ∇ e i ∇h) with respect to e i we have at the point p
Replacing this equality in the above equation, and a similar one w.r.t. h we obtain the formula of the lemma.
(2) J∇φ i , ∇φ j = φ k for (i, j, k) is a positive permutation of (1, 2, 3) .
Proof.
(1) Since φ 1 , φ 2 , φ 3 is a basis of λ 1 -eigenfunctions, then Hess
n. frame of T S 2 and so JX = Y . Furthermore,
Then we see that (2) holds. (3) is an immediate consequence of Lemma 3.2 and generalizes (1).
, where ε ik j = +1, −1, according to the signature of (i, j, k) as a permutation of (1, 2, 3) , or zero if repeated indexes appear.
Proof. Using Lemma 3.1
By Lemma 3.3 (1) J∇φ i , ∇ f ∈ E λ l , and so this is L 2 -orthogonal to h ∈ E λ r . (2) is an immediate consequence of Lemma 3.3 (2) and (9).
Proof of Theorem 1.1. We may assume i = 1. Inequality (4) is equivalent to prove that
. Then applying Proposition 3.1 (1)
From Proposition 2.3 we have
where µ i , σ j are constants, applying Proposition 3.1 (2) and (9) we have
As 2 √ 6 < 1 we conclude that (4) holds, and equality is achieved if and only if f ′ = h ′ = 0 and µ 1 = σ 1 = 0, µ 2 = σ 3 , µ 3 = −σ 2 .
Next we prove Theorem 1.2. in several steps, as a consequence of Proposition 3.3, and of Lemmas 3.7, 3.8, and 3.10. Indeed, as a consequence of Proposition 3.1(1), we only need to droop our attention on 4-tuples ( f 4 , f 5 , f 6 , f 7 ) that have at least two components in the same eigenspace. The case we have two pairs of functions in two different eigenspaces lies in the case of Theorem 1.1 as we can easily verify. Thus we have If only three of the functions f α are in the same eigenspace, the terms involving the forth function vanish, and so we may assume the later to be zero, that is we are in the case that all functions are in the same eigenspace. This is the case we are now considering.
We denote by ε i , i = 1, 2, 3 the canonical basis of R 3 , and so a multi-index of nonnegative integers is of the form a = (a 1 , a 2 , a 3 ) = ∑ i a i ε i . Next we recall the well known formula ( see for instance [3] appendix) Lemma 3.4. If P : R 3 → R is an homogeneous polynomial function of degree l then
In particular for |a| = a 1 + a 2 + a 3 = l
where the terms with a i < 2 are considered to vanish.
Let us denote by (O) and (E) meaning odd and even respectively. We also say that a is (O, E, E) meaning that a 1 is odd and a 2 and a 3 are even, and so on. Since S 2 φ i dM = 0, by induction we conclude from the previous lemma that
Now using (9) and Lemma 3.3(2) we obtain the following two lemmas, respectively:
If this does not vanish then a + b is (E, E, E).
Lemma 3.6.
(1)
If this does not vanish then a + b is (E, O, O).
(2) S 2 φ 2 J∇φ a , ∇φ b dM = (a 2 b 3 − a 3 b 2 ) S 2 φ a+b+ε 1 −ε 3 dM +(−a 2 b 1 + a 1 b 2 ) S 2 φ a+b−ε 1 +ε 3 dM +(a 3 b 1 − a 1 b 3 ) S 2 φ a+b−ε 1 +2ε 2 −ε 3 dM.
If this does not vanish then a + b is (O, E, O).
(3) S 2 φ 3 J∇φ a , ∇φ b dM = (a 3 b 1 − a 1 b 3 ) S 2 φ a+b−ε 1 +ε 2 dM +(−a 3 b 2 + a 2 b 3 ) S 2 φ a+b+ε 1 −ε 2 dM +(a 1 b 2 − a 2 b 1 ) S 2 φ a+b−ε 1 −ε 2 +2ε 3 dM.
If this does not vanish then a + b is (O, O, E).
Note that since |a| = |b| = l then Proof. We have Θ(1) = 1 and m = 2, n = 5. Therefore, m 2 (n − 2) 2 = 36 ≤ λ 6 = 6 × 7. From Corollary 2.2. we conclude that (3) holds for l ≥ 6.
We now have to consider the case l ≤ 5. We write f α = ∑ |a|=l A α a φ a , where A α a are constants. This summation is not L 2 -orthogonal, in general, since eigenfunctions ψ l,σ are usually a sum of linearly independent monomials. We have using Lemma 3.6
We will divide the proof into several lemmas. 
Lemma 3.7. If l = 1 and set A
α i = A α ε i , that is, f α = A α 1 φ 1 + A α 2 φ 2 + A α 3 φ 3 ,
then (4) holds. Furthermore, given f 4 and f 5 with arbitrary coefficients A 4 i and A 5 i respectively, then equality holds for a 4-tuple
with equality iff
On the other hand, using the last equality of (9) with λ 1 = 2 we see that
Thus, (15) + (16) + (17)
L 2 with equality iff (19) holds, and the lemma is proved.
Next we consider the case l ≥ 2.
Note that the above terms are such that a = b ( otherwise a + b = (E, E, E)), and are skew-symmetric on (a, b). We also have 
3 ).
Using lemma 3.4, we have
In 
that is,
In ( 1, 1, 0) , and vice versa. Therefore,
that is
On the other hand,
Thus, we have to show that (15) + (16) + (17) ≤ (24). This can be shown by proving that the following four inequalities hold
The above inequalities are all of the form
Next lemma shows that (25) holds, with equality iff X = Y = Z = A = B = C = 0, what proves the lemma.
Lemma 3.9. For any real numbers A, B,C, X ,Y, Z, we have
with equality iff (A,C, B) and
Proof. Note first that
and 2| u, v | ≤ |u| 2 + |v| 2 with equality iff u, v are collinear. Then
But this is just (26). 
do not satisfy the inequality (3) .
Proof. We will show how we have found such functions. We have
The multi-powers a, b are running all over {(300), (030), (003), (210), (201), (021), (120), (012), (102), (111)}.
The terms with a
The terms with a
On the other hand
Then ( 
Now we consider only (28). We define the polynomial function on 10 variables Using the Mathematica programming we see that F has only a critical point, that is at 0, where F vanish. Then we compute the Hessian of F, giving a 10 × 10 matrix. Using a "Diag" package in Fortran 77 programming ( see [4] 
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